Abstract. The nonlinear harmonics within the ion motion are the fingerprint of the nonlinear fields. They are exclusively introduced by these nonlinear fields and are responsible to some specific nonlinear effects such as nonlinear resonance effect. In this article, the ion motion in the quadrupole field with a weak superimposed octopole component, described by the nonlinear Mathieu equation (NME), was studied by using the analytical harmonic balance (HB) method. Good accuracy of the HB method, which was comparable with that of the numerical fourth-order Runge-Kutta (4th RK), was achieved in the entire first stability region, except for the points at the stability boundary (i.e., β = 1) and at the nonlinear resonance condition (i.e., β = 0.5). Using the HB method, the nonlinear 3β harmonic series introduced by the octopole component and the resultant nonlinear resonance effect were characterized. At nonlinear resonance, obvious resonant peaks were observed in the nonlinear 3β series of ion motion, but were not found in the natural harmonics. In addition, both resonant excitation and absorption peaks could be observed, simultaneously. These are two unique features of the nonlinear resonance, distinguishing it from the normal resonance. Finally, an approximation equation was given to describe the corresponding working parameter, q nr , at nonlinear resonance. This equation can help avoid the sensitivity degradation due to the operation of ion traps at the nonlinear resonance condition.
Introduction
Q uadrupole ion (Paul) trap, developed by Paul and Steinwedel in 1953 [1] , has now been widely used as a mass analyzer in the mass spectrometry (MS) instruments. The ideal Paul trap should produce a linear quadrupole electric field. However, the electric field in the real trap always contains nonlinear higher-order field components, such as hexapole and octopole [2, 3] . Using the octopole field as an example, its typical weight regarding the field strength is ca. 1% due to the assembly misalignment and fabrication precision [4] . The weight can increase to 10% or higher in some Paul trap geometrical variations [5] , such as cylindrical [6] and rectilinear ion traps [7] . The nonlinear fields inevitably introduce a series of nonlinear effects into the ion motion, such as frequency shift [8] [9] [10] , amplitude variation [11] , nonlinear resonance [12] [13] [14] [15] [16] , and thus have great impacts on the trap performance, in terms of mass resolution [8] , mass accuracy [9] , sensitivity [12] , and tandem MS (MS/MS) efficiency [10, 15] , etc.
In the Paul trap, the ion motion consists of numerous harmonic motions, which can be clearly observed from the highprecision numerical frequency spectrum (Figure 1 ). Among the harmonics, the ones generated by the quadrupole field are known as natural harmonics, including a fundamental secular oscillation (marked in black) and an infinite number of higherfrequency harmonics (marked in blue). The nonlinear fields make the ion motion even more complex. They not only change the frequencies and amplitudes of the natural harmonics but also produce nonlinear harmonics (marked in red) superimposed into the natural harmonics of ion motion [17, 18] . Generally, among the harmonics, the ion fundamental secular oscillation has the largest amplitude and is therefore the most important [2, 3] . By neglecting all the other smallamplitude harmonics, including higher-frequency and nonlinear ones, theoretical methods, such as the most often employed pseudo-potential well (PW) model [19, 20] , can focus on the nonlinear effects of ion secular motion [10, [21] [22] [23] [24] [25] [26] [27] [28] .
The PW model can well describe the nonlinear frequency shift effect for Mathieu parameter, q, up to 0.8 with a typical error of less than 10% [10] . However, the PW model still suffers from some limitations because of the omission of the small-amplitude harmonics. The small-amplitude harmonics are closely related to the Bfine structure^of the nonlinear effects [11] . For instance, in the PW method, the magnitudes of ion secular frequency shift, |Δβ|, in the superimposed octopole fields, e.g., ε = ±0.1, are undistinguishable. But in the harmonic balance (HB) method, with the consideration of ion highfrequency harmonics, the |Δβ| at ε = 0.1 has been found to be greater than that at ε = -0.1. Herein, ε = A 2 /A 4 , A 2 and A 4 represent the dimensionless amplitudes of the quadrupole and octopole fields, respectively. In addition, the small-amplitude harmonics are important for the accuracy of the calculated ion trajectory in the nonlinear fields. For instance, regarding the calculated ion amplitude, the PW method can bring in an error of ca. 26% at ε = 0.1 and Mathieu parameter, q = 0.6. Under the same condition, the error decreases to ca. 2% in the HB method. Such accuracy is necessary for characterizing the nonlinear effects of ion motion because the typical ion amplitude variation is only ca. 5% of the ion amplitude.
Among the small-amplitude harmonics, the nonlinear harmonics of ion motion are especially interesting. First, they are the fingerprints of the nonlinear fields. For example, the octopole field mainly generates the characteristic 3β harmonic series ( Figure 1 ) [17, 18] . From these characteristic harmonics, the detailed composition of the nonlinear fields in the trap can be readily determined. Second, the nonlinear harmonics of ion motion are the unique reason for the nonlinear resonance effect [12] [13] [14] [15] [16] . Depending on the corresponding types of the nonlinear harmonics, the nonlinear resonance can be classified into single-direction (i.e., z or r direction) and r-z coupled resonances [16] . At nonlinear resonance, the natural and nonlinear harmonics match with each other, producing an effect of amplified ion amplitudes. This effect can give rise to possible ion losses and sensitivity degradation in the ion trap instruments. For instance, in the MS/MS experiments, the loss of daughter ions because of the nonlinear resonance has been knows as the black holes or black canyons [29] . But in the dipolar resonance experiments, the effect can accelerate the ion ejection and improve the mass resolution [30] . In addition, the nonlinear resonance may result in peak splitting effect in the quadrupole mass filter operated in the second stability region [31] .
Theoretical characterization of the nonlinear harmonics of ion motion can shed light on the real ion motion in the nonlinear fields and help the design and optimization of the current high-performance instruments. However, the associated study has long been a challenge because the nonlinear harmonics are very weak in the ion motion and their typical amplitudes are 1% of ion secular harmonic or lower (Figure 1 ). In this article, taking advantage of the HB method, the ion motion in the quadrupole field with a superimposed weak octopole field was theoretically studied, in which the amplitudes, D 2n , and the frequencies, 2n + 3β, of the nonlinear 3β harmonics series were calculated and the resultant nonlinear resonance effect at β = 0.5 was characterized.
Theory
The Nonlinear Mathieu Equation (NME)
Paul trap has a hyperbolic ring electrode and two hyperbolic endcap electrodes. To operate the trap, an electric voltage, Φ 0 = U − Vcos(Ωt), is applied between the ring and the endcap electrodes [2, 3] . Herein, U is the direct-current (DC) voltage, V is the radio-frequency (rf) voltage with angular frequency Ω, and t is time. For a symmetric trap, the electric field only contains even multipole components, mainly including a quadrupole and a weak octopole [4] . The electric potential, Φ, within the trap can be represented by:
where r and z represent the radial and axial coordinates, respectively. The cross term, -24r Rel. Int. Figure 1 . Frequency spectrum of ion motion at a = 0, q = 0.8, and ε = 0.1. The spectrum is obtained by using the fast Fourier transform (FFT) to the ion trajectory, which is calculated by the numerical fourth-order Runge-Kutta (4th RK) method. The fundamental secular, higher-frequency, and nonlinear frequencies of ion motion are marked by black, blue, and red colors, respectively. The initial displacement and velocity of the ion are set to 0.1 r 0 and 0, respectively. This initial condition is used throughout this article, unless otherwise specified making the ion motion equation more difficult to solve analytically. For simplicity, only the ion motion along the r-and z-axis (i.e., z = 0 and r = 0, respectively) is considered, where the cross term vanishes and the ion motion is uncoupled. From Equation 1, it can be found that the electric potentials in the r-and z-directions have the same equation but different coefficients. Therefore, only the ion motion equation in the z-direction is solved as an example, considering that the ion ejection is operated in that direction. The ion motion in the r-direction can be studied by using exactly the same method.
The ion motion in the electric field can be described by the Newton's second law. Along the z-axis (i.e., r = 0), the ion motion equation yields:
where m is ion mass, e is electron charge, t is time, E z is field strength of the electric field in the z direction. Substituting the electric potential, Φ(r = 0) in Equation 1 into Equation 2, it yields:
Equation 3 is the NME [17] , in which a z and q z are dimensionless Mathieu parameters, ξ is dimensionless time and they are defined as:
The Harmonic Balance (HB) Method
Both theoretical methods and numerical methods can be utilized to solve the NME. Each sort of the methods has its own advantages and disadvantages. Generally, the numerical methods are more accurate, and their typical calculation error is ca. 1% of the ion amplitude. Hence, the numerical fourthorder Runge-Kutta (4th RK) is always utilized to determine the accuracy of the theoretical methods [32] . However, the theoretical methods can provide better understanding about the observed nonlinear effects. In order to keep the advantages simultaneously, it is highly desired that there is a theoretical method that is as accurate as the numerical methods. The HB method is such a high-accuracy theoretical method [11] . In the HB method, a trial solution, which is the addition of ion motion harmonics, is employed and substituted into the NME. By balancing the coefficient of each harmonic, the amplitudes and the frequencies of all the harmonics can be obtained. The employed trial solution is important for the accuracy of the HB method. To accurately and systematically describe the nonlinear effect introduced by the superimposed octopole field, the trial solution should contain all the harmonics of ion motion, including the natural harmonics and the nonlinear harmonics. Regarding the octopole field, the nonlinear harmonics of ion motion mainly refer to the 3β harmonics series. Higher-order nonlinear harmonics, such as 5β and 7β series, are too small to be observed in the frequency spectrum ( Figure 1) . Hence, the trial solution of the HB method yields:
where κ' and κ" are arbitrary constants, depending on the initial condition of the ion. C 2n and D 2n are the amplitudes of the natural harmonics and nonlinear harmonics, respectively. β is the frequency of the secular harmonic. C 2n , D 2n , and β can be exactly solved from a z and q z . For an initial ion velocity of zero, the κ" is equal to zero and the Equation 7 becomes:
The non-zero initial ion velocities are discussed in BIntroduction^in the Supporting Information.
Substituting Equation 8 into Equation 3, it yields (BTheory^in the Supporting Information):
The functions, such as ∑ can only be satisfied such that
ð16Þ
By solving Equations 15 and 16, the β, C 2n /C 0 (n ≠ 0), and D 2n /C 0 can be obtained, and the NME is analytically solved. In this article, Equations 15 and 16 were solved by using the Gauss-Seidel relaxation method with a truncation to C ±8 and D ±8 (i.e., n = ±4) [33] . It should be noted that the current HB method is inapplicable for instable ion motion, e.g., at the stability boundary, β = 1, and at the nonlinear resonance condition, β = 0.5. But the nonlinear resonance effect can still be observed from the stable ion motions in the vicinity of β = 0.5, e.g., β = 0.49 and 0.51.
Results and Discussion
To illustrate the impact of the nonlinear harmonics in the ion motion, their amplitudes in comparison with those of ion secular motion, D 2n /C 0 , were first calculated by using the HB method. In the nonlinear 3β harmonic series, the 3β and -2 + 3β harmonics have the largest amplitudes ( Figure 1) . As an example, their amplitudes, D 0 /C 0 (black curve), and D -2 /C 0 (red curve), along the q-axis at ε = 0.1 and ε = -0.1, are shown in Figure 2a and b, respectively. The initial displacement and velocity of the ion were set to 0.1 r 0 and 0, respectively. This initial condition was used throughout this article, unless otherwise specified. From Figure 2 , it can be found that for most q values, the D 0 /C 0 and D -2 /C 0 are very small, typically less than 1%, regardless of the polarity of the superimposed octopole field. However, obviously increased amplitudes can be observed at high q values, e.g, q > 0.8, and at the nonlinear resonance condition, e.g., around β = 0.5 (or q = 0.64). Especially, the nonlinear -2 + 3β harmonic (red curve) can even achieve an amplitude greater than 10% of the ion secular motion (i.e., D -2 /C 0 > 0.1). The result indicates that at those q values, the 3β harmonic series should have large impact on ion motion.
To confirm the assumption, the HB methods with and without (i.e., D 2n = 0) 3β harmonic series are employed. The ion trajectories at q = 0.8 and q = 0.625 (or β = 0.4931) with ε = 0.1, were calculated and shown in Figure 3a and b, respectively. The results with and without 3β series are represented by the red and blue curves, respectively. As an accuracy standard, the numerical results calculated by the 4th RK method are also shown for comparison. From Figure 3c and d, enlarged plots of Figure 3a and b respectively, it is obvious that the HB method with 3β series (red curve) has significantly higher accuracy than that without 3β series (blue curve). Moreover, with 3β series, the analytical HB (red curve) and the numerical 4th RK results (black curve) are almost the same. This should not be a surprise because all the ion motion harmonics appearing in the numerical frequency spectrum (Figure 1 ) have now been fully considered in the HB method. To clearly show the influence of the 3β series, the ion trajectories contributed by the 3β series are extracted from Figure 3a and b and shown in Figure 3e and f, respectively. In Figure 3e , it can be found that at q = 0.8, all the harmonics in the 3β series together have an amplitude of 0.006 r 0 (red curve), which is ca. 1.5% of the ion trajectory amplitude, 0.4 r 0 (Figure 3a) . However, the 3β series can introduce an error (i.e., z diff = z HB(without 3β series) -z HB(with 3β series) ) of 0.04 r 0 (or 10% of the ion trajectory amplitude) into the HB method (blue curve). This is because in the HB method, the 3β series has both direct (Equation 8) and indirect impacts (Equation 15) on the ion trajectory. Herein, the direct impact means that the 3β series, D 2n , itself is a composition of the ion trajectory amplitude. The indirect impact means that the D 2n is also coupled with ion natural harmonics, C 2n . The result of Figure 3e indicates that even a small 3β series (e.g., 1.5%) may give rise to large calculation error (e.g., 10%) in the theoretical methods. In Figure 3f , it can be found that at around nonlinear resonance, q = 0.625, the amplitude of the 3β series, 0.02 r 0 , is ca. 10% of the ion amplitude, 0.2 r 0 (Figure 3d) . Therefore, it is not a surprise that neglecting such a large 3β series can produce the same large calculation error. Figure 4a and b show the maximum of ion trajectory amplitude, z max , along the q-axis at ε = 0.1 and ε = -0.1, respectively. In Figure 4 , it can be observed that the z max has an obvious resonant peak around the nonlinear resonance condition, β = 0.5 (green circle regions), where the resonant pairs of nonlinear harmonics and natural harmonics match with each other, e.g., 2 -3β = β. The increment of the maximum amplitude with the q values can be attributed to the rf heating effect. To explore the underlying mechanism of the nonlinear resonance, the amplitudes of ion natural harmonics, C -2 /C 0 (black curve) and C 2 /C 0 (red curve), at ε = 0.1 and ε = -0.1 are shown in Figure 4c and d, respectively. The ion secular frequency, β, at ε = 0.1 and ε = -0.1 are shown in Figure 4e and f, respectively. In Figure 4c -f, no resonant patterns can be observed in the natural harmonics with respect to the amplitudes (Figure 4c and d) and the frequencies (Figure 4e and f) . Together with the results in Figure 2 , it is obvious that it is the nonlinear 3β harmonic series alone that produces the nonlinear resonance effect. This phenomenon is dramatically different from that in the normal resonance. For example, in the dipolar resonance [34] , when the frequencies of the ion secular motion and external AC excitation match with each other, both of them should have resonant peaks and they together produce the dipolar resonance.
To discover more interesting effects, the nonlinear resonances (green circle regions in Figure 4 ) under a series of different superimposed octopole fields were studied. Figure 5a shows the z max as a function of q under positive superimposed octopole fields: ε = 0.01 (red curve), ε = 0.05 (blue curve), and ε = 0.1 (green curve). Figure 5b shows the z max as a function of q under negative superimposed octopole fields: ε = -0.01 (red curve), ε = -0.05 (blue curve), and ε = -0.1 (green curve).
The z max as a function of q in the quadrupole field, ε = 0 (black curve) is also shown for comparison. In Figure 5 , it can be observed that greater nonlinear resonant responses, z max , can be observed at larger nonlinear field strengths, |ε|. This is because larger |ε| can produce larger 3β series, D 2n , which plays a role of external excitation as in the dipolar resonance. Especially, it is interesting to find that nonlinear resonant excitation (i.e., increased amplitude compared with the background, ε = 0) and absorption peaks (i.e., decreased amplitude) can be observed in one spectrum, simultaneously. For instance, in the positive superimposed octopole fields (Figure 5a) , the excitation and absorption peaks appear at β < 0.5 and β > 0.5, respectively. In the negative superimposed octopole fields (Figure 5b) , the excitation and absorption peaks appear at β > 0.5 and β < 0.5, respectively. This is the second dramatic difference between the nonlinear and normal resonances. For the normal resonance, only one resonant pattern, either excitation or absorption, can be observed in one spectrum [34] . The ion excitation and deexcitation at nonlinear resonance can accelerate and delay the ion ejections in the dipolar resonance experiments [30] . In a linear ion trap, when the external AC frequency is scanned around the nonlinear resonance condition, simultaneous increment and decrement of the bandwidth of the frequency response profiles (FRP, i.e., ion ejection time versus the external AC frequency) have been observed.
The nonlinear resonance potentially gives rise to the ion loss and the sensitivity degradation of the ion trap instruments [12] [13] [14] [15] [16] . It is meaningful to predict the rf working voltage (represented by the q value), at which the nonlinear resonance occurs. However, because of the frequency shift, the q value at the nonlinear resonance condition (i.e., β = 0.5), q nr , is also dependent on the superimposed octopole, ε, and the initial 2 [17, 22, 26] . Figure 6a shows the β as a function of q under positive superimposed octopole fields: ε = 0.1 (black curve), ε = 0.05 (red curve), and ε = 0.01 (blue curve). Figure 6b shows the β as a function of q under negative superimposed octopole fields: ε = -0.1 (black curve), ε = -0.05 (red curve), and ε = -0.01 (blue curve). From Figure 6a Figure 6d) . As a result, the q nr can be conveniently evaluated by using an approximation equation, which yields: 
Conclusion
The HB method is a high-accuracy theoretical tool for characterizing the nonlinear effects in the Paul trap. For an ion in the quadrupole field with superimposed octopole field, its nonlinear harmonic motions and the perturbed natural harmonic motions are mutually coupled (Equations 15 and 16 ). Without the consideration of nonlinear harmonics, the real ion motion or the individual natural harmonic motions cannot be accurately obtained. The nonlinear harmonics give rise to the nonlinear resonance effect at β = 0.5, when they match with the natural harmonics, e.g., 2 -3β = β. At nonlinear resonance, it is the nonlinear ion harmonics that contribute to the nonlinear resonance effect, not the natural ion harmonics. Both the excitation and absorption peaks can be observed at the two sides of β = 0.5, simultaneously. The peak's position (i.e., at β > 0.5 or β < 0.5) is determined by the polarity of the superimposed octopole field. The rf voltages, q, at β = 0.5 in various ion trap experimental conditions are also given in Equation 17.
